We study the concept of α-amenability of commutative hypergroups K. We establish several characterizations of α-amenability by combining results of [1] and [2] and adding the Glicksberg-Reiter property. In addition, as examples compact K and discrete polynomial hypergroups on N 0 are discussed.
Introduction
In a recent paper [7] , Kaniuth, Lau and Pym introduced and investigated a property of an arbitrary Banach algebra A that they called ϕ-amenability, where ϕ is a homomorphism from A onto C. In an earlier paper [4] Reiter's condition P 1 (α, M ) and equivalent properties for the L 1 -algebra of a commutative hypergroup K were introduced and studied. Here α is a character of K. We will show that these conditions are all equivalent in the case of A = L 1 (K) and add another condition to this list of equivalences. We note that in the special case of α = 1 these properties correspond to the amenability of K, already studied in [12] .
Preliminaries and α-amenability
Throughout this paper K denotes a commutative hypergroup. For the convolution of x, y ∈ K we write δ x * δ y , the involution of x ∈ K will be denoted byx. The translation by x ∈ K of a function f on K is denoted by T x f, and is given by T x f (y) = δ x * δ y (f ). The commutativity of K ensures the existence of a Haar measure λ on K. L 1 (K) = L 1 (K, λ) is a semi-simple Banach * -algebra. The convolution in
The hermitian structure space ∆ s (L 1 (K)), which is the space of all hermitiam, multiplicative functionals ϕ of L 1 (K), can be identified with the spaceK of hermitian characters α on K, i.e.
In fact, the hermitian, multiplicative functionals of L 1 (K) are given by
and α → ϕ α is a homeomorphism, whereK bears the compact-open topology and ∆ s (L 1 (K)) the Gelfand topology.
We want to point out that for L 1 -algebras of commutative hypergroups, multiplicativity of ϕ does in general not imply that ϕ is hermitian. Parts of the following results hold also for non-hermitian characters. We restrict ourselves to hermitian characters to get an extensive list of equivalences for ϕ α -amenability.
Finally every maximal hermitian ideal is in one-to-one correspondence withK via α → ker (ϕ α ). We shall write I(α) = ker (ϕ α ). For more details on hypergroups we refer to the monograph [8] and [9] .
In [6] a Banach algebra A is called ϕ-amenable (ϕ a multiplicative functional on A) if there exists a bounded linear functional m on A * satisfying m(ϕ) = 1 and
Therefore the ϕ-amenability of [7] adapted to the case A = L 1 (K) leads to the following definition of α-amenability (we prefer to write α-amenable instead of ϕ α -amenable).
To obtain the consistency of our definition with the definition of [7] we have to compare the action of K with the action of
* satisfying the two properties of Definition 1 we will call an α-mean.
will be referred to as topological α-mean.
Proposition 1 Let K be a commutative hypergroup, α ∈K.
Proof. We have to adapt the method of proof in [12] to the general case α = 1.
and, since
By Proposition 1 α-amenability coincides with ϕ α -amenability of [7] . In [4] we investigated further properties strongly related to α-amenability.
The following equivalences are shown in [4] .
The proof of Theorem 1 is given in [4] . Applying Theorem 1.1 of [7] we can immediately add a fourth equivalent condition to those of Theorem 1. For this we need the notion of derivations.
Let X be a Banach
-module with the module actions given by a · f, x = f, x · a and f · a, x = f, a · x for a ∈ A, x ∈ X, f ∈ X * . We consider the case where the left action of L 1 (K) on X is of the form a · x =â(α) x. Theorem 1.1 of [7] gives another equivalent condition of α-amenability.
is α-amenable if and only if property (iv) holds true, where
So far we have gathered results from literature and composed to characterizations of α-amenability of L 1 (K). In the next section we add a fifth property to the four equivalence conditions from Theorem 1 and Theorem 2.
Convergence to ϕ-invariance
Proof. Since g i 1 ≤ M and µ * g 1 ≤ µ g 1 , we can suppose that µ ∈ M (K) has compact support C. Then using Fubini's theorem,
and since sup{ Txg − α(x)g 1 : x ∈ C} → 0 the required result follows.
Denote by
Proof. Let > 0 and put δ = min
There exists a compact subset
continuous. Hence there exist neighbourhoods V (y i ) of y i ∈ C, i = 1, ..., n, such
V (y i ) and
Tỹf − Tỹ i f 1 < δ and |α(ỹ) − α(ỹ i )| < δ/ g 1 for y ∈ V (y i ).
We put y 0 = e, A 0 = K\C, A 1 = V (y 1 ) ∩ C and inductively
A j for i = 2, ..., n. If i ∈ {1, ..., n} put β i := A i g(y) dm(y) and
Then n i=0 β i α(y i ) = 1, and
For m-almost every x ∈ K we obtain
Using Fubini's theorem we get
Proof.
Proposition 3 says that P 1 (α, M ) ⇒ G(α, M + 1).
Proposition 4
Suppose that K satisfies the Glicksberg-Reiter property G(α, M ). Then K satisfies Reiter's P 1 (α, M )-condition, where M is some bound ≥ 1.
Proof. Suppose that G(α, M ) holds true. We prove that I(α) possesses a bounded approximate identity with boundM = M + 2. Let > 0 and f ∈ I(α). Then there
that meansμ(α) = 1, µ ≤ M + 1 and µ * f 1 < . Let (e i ) i∈I be an approximate identity in L 1 (K) with e i 1 = 1, and put
Hence (κ i ) i∈I is an approximate identity in I(α) with bound M + 2. Now we apply Theorem 1.
There is a second equivalent formulation of the Glicksberg-Reiter property G(α, M ).
Definition 4 Let K be a commutative hypergroup, α ∈K. We say that K satisfies the Glicksberg-Reiter propertyG(α, M ) if d α,M (f ) = 0 for all f ∈ I(α).
Obviously, G(α, M ) impliesG(α, M ).
Proposition 5 Suppose that K satisfiesG(α, M ). Then K also satisfies the GlicksbergReiter condition G(α, M ) with a bound M ≥ M ≥ 1.
Proof.
Let
Propositions three to five lead to the following equivalence. (v)' K satisfies the Glicksberg-Reiter conditionG(α, M ) with some bound M ≥ M ≥ 1.
Remark:
(1) A short glimpse on the proofs (also in [2] and [4] ) shows that there is a simple, direct relation betwen the different bounds M, M and m α depending on the choice of f ∈ L 1 (K) withf (α) = 1.
(2) We refer to [11, p.58] , where the Glicksberg-Reiter property is investigated for locally compact groups G. This condition corresponds to G(α, M ) in case of α = 1.
Examples and comments
(1) Let K be a compact commutative hypergroup, α ∈K. Since in this caseK ⊆ L 2 (K), we can put (2) Much more interesting is the case when K = N 0 is a discrete polynomial hypergroup, where the hypergroup structure is induced by some orthogonal polynomial system (R n (x)) n∈N 0 , see [8] or [9] . The orthogonal polynomials R n (x) are determined by
where a n , c n > 0, b n ≥ 0 and a n + b n + c n = 1 for n ∈ N; a 0 > 0, b 0 ∈ R with a 0 + b 0 = 1.
The recurrence relation is a special case of the linearization formula
If the linearization coefficients g(m, n; k) are nonnegative, we define a convolution on
With this convolution and the involutionñ = n, the set of natural numbers N 0 is a commutative hypergroup. It is called polynomial hypergroup induced by (R n ) n∈N 0 . There are many orthogonal polynomial sequences which have the property g(m, n; k) ≥ 0, see [8, 9] . The Haar measure on N 0 is the counting measure with weights h(n) = g(n, n; 0) −1 . They are given by h(0) = 1, h(n + 1) = an a n+1 h(n). The hermitean dual spaceN 0 (i.e. the hermitean structure space of the l 1 -algebra l 1 (h)) can be identified with {t ∈ R : |R n (t)| ≤ 1 for all n ∈ N 0 } via the mapping t → α t , α t (n) = R n (t), see [8] .
In [4, Ch.4] we have studied Reiter's condition P 1 for polynomial hypergroups. Here we add some further results on α-amenability. At first, consider the case [4] we know that Reiter's P 1 (α t , M ) condition is satisfied, and so l 1 (h) is α t -amenable. We will give the explicit form of the unique α t -mean.
Proposition 6 Suppose that α t ∈ l 1 (h) (i.e.
∞ k=0 |R k (t)| h(k) < ∞). Then l 1 (h) is α t -amenable. The α t -mean is unique, and is given by
Let σ n = sign(R n (t)). Then 
